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Abstract
A mixed hypergraph consists of two families of subsets: the edges and the co-edges. In a
coloring every co-edge has at least two vertices of the same color, and every edge has at least
two vertices of dierent colors. The largest and smallest possible number of colors in a coloring
is termed the upper and lower chromatic numbers, respectively. In this paper we investigate
co-hypergraphs i.e., the hypergraphs with only co-edges, with respect to the property of coloring.
The relationship between the lower bound of the size of co-edges and the lower bound of the
upper chromatic number is explored. The necessary and sucient conditions for determining
the upper chromatic numbers, of a co-hypergraph are provided. And the bounds of the number
of co-edges of some uniform co-hypergraphs with certain upper chromatic numbers are given.
c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
Throughout the paper we basically use the terminology of [1,7]. There is a minor dif-
ference regarding the denition of a hypergraph between [1] and [7]. Namely, [1] does
not allow the isolated vertices while [7] does. It will not aect the general discussion of
this paper whether or not to allow the isolated vertices. Let X =fx1; x2; : : : ; xng be a -
nite set, S=fS1; S2; : : : ; Smg be a family of subsets of X , where n; m>1 are integers and
size of any Si is not less than 2. The pair H = (X;S) is called a hypergraph
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on X: For any subset Y X , the hypergraph H 0 = (Y;S0) is called a sub-hypergraph
of H if S0 is both a family of subsets of Y and a subfamily of S. If, further, S0
consists of all those subsets in S that are contained in Y , then we call it the induced
sub-hypergraph of the hypergraph H , denoted by H=Y . The sub-hypergraph H 0 of H
is called a partial hypergraph of H if Y = X .
Let the hypergraph H =(X;S) be given, with jX j=n and S=A[E, where both A
and E are subfamilies of S; in particular, E and/or A may be empty. We call every
E 2 E an ‘edge’, and every A 2A a ‘co-edge’. In general we call H = (X;A [ E) a
mixed hypergraph. It is convenient further to use the term ‘hypergraph’ for a partial
hypergraph HE = (X;E) and use the term ‘co-hypergraph’ for a partial hypergraph
HA = (X;A). We use the prex ‘co-’ when a statement concerns the sets from A.
A co-hypergraph H = (X;A) is said to be co-connected if for any pair of vertices
x; y2X there exists a sequence of z0S0z1S1z2 : : : ztStzt+1 of alternating vertices and
subsets with x=z0; z1; : : : ; zt+1=y2X; S0; S1; : : : ; St 2A; z0 2 S0; zt+1 2 St , and zi 2 Si−1\
Si (i=1; 2; : : : ; t). A co-component of a co-hypergraph H is the maximal co-connected
sub-hypergraph of H .
Denition 1 (Voloshin [7]). A free coloring of a mixed hypergraph H = (X;A [ E)
with  colors is a mapping c : X ! f1; 2; : : : ; g such that the following two conditions
hold:
(1) any co-edge A 2A, has at least two vertices of the same color;
(2) any edge E 2 E, has at least two vertices colored dierently.
c is called a strict coloring if c is onto.
Denition 2 (Voloshin [7]). The maximum (minimum) i for which there exists a strict
coloring of a mixed hypergraph H with i colors is called the upper (lower) chromatic
number of H and is denoted by (H)((H)).
Assume that the mixed hypergraph H1 = (X;A1 [ E1) is a partial hypergraph of
another mixed hypergraph H=(X;A[E), i.e.,A1A, and E1E. Then the following
inequalities hold:
(H1)6(H)6 (H)6 (H1):
Particularly we may take H1 to be the partial hypergraph HE=(X;E) and the partial
co-hypergraph HA = (X;A), and combine the two non-trivial parts:
(HE)6(H)6 (H)6 (HA):
The two obvious parts are (HA) = 1 and (HE) = jX j.
The mixed hypergraphs are investigated in [2{8]. In this paper we concentrate on the
co-hypergraphs. We investigate co-hypergraphs with respect to the property of coloring.
The relationship between the lower bound of the size of co-edges and the lower bound
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of the upper chromatic number is explored. The necessary and sucient conditions
for determining the upper chromatic number of a co-hypergraph are provided. And the
bounds of the number of co-edges of some uniform co-hypergraphs with certain upper
chromatic numbers are given.
2. Upper chromatic number of co-hypergraphs
In this section we discuss the relationship between the lower bound of the size of
co-edges and the lower bound of the upper chromatic number of a co-hypergraph. If the
size of co-edges of a co-hypergraph has lower bound, the upper chromatic number of
this co-hypergraph also has a lower bound. We also provide a necessary and sucient
condition for the upper chromatic number of a co-hypergraph to be equal to t.
For a co-hypergraph with the size of each co-edge at least k, it is easy to see that
any partition of the vertex set into k−1 nonempty parts is a strict coloring. Therefore,
we have the following four results.
Proposition 1. For a co-hypergraph H = (X;A) with jAj>k for every A2A,
(H)>k − 1.
Proposition 2. For a co-hypergraph H = (X;A) with jAj>k for every A2A; if H
has t co-components; then (H)>t(k − 1).
Proposition 3. For a co-hypergraph H = (X;A) with jAj>k for every A2A; if
(H)< 2(k − 1); then H is co-connected.
A (co)-hypergraph is said to be r-uniform if the size of each edge is equal to r.
Proposition 4. For an r-uniform co-hypergraph H = (X;A); if (H)< 2(r− 1); then
H is co-connected.
It is interesting that there exists a partial co-hypergraph in a co-hypergraph, the size
of each co-edge of this partial co-hypergraph is not more than the upper chromatic
number of the original co-hypergraph by one.
Lemma 1. For any co-hypergraph H = (X;A) with (H) = m; there exists a partial
co-hypergraph H1 = (X;A1) with (H1) = m where A1A and jAj6m+ 1 for any
A 2A1.
Proof. Let A =A1 [A2 where A1 = fA 2 A: jAj6m + 1g and A2 = fA 2 A:
jAj>m + 2g. Let Hi = (X;Ai) for i = 1; 2. Then (H) = m implies that (Hi)>m
for i = 1; 2. (H1)6m for otherwise (H1)>m + 1 implies (H)>m + 1. Therefore,
(H1) = m.
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Denition 3. For a co-hypergraph H = (X;A), the nonempty partition of X;
X =X1 [X2 [    [Xt =X , together with the partition of A; A=A1 [A2 [    [At
is called a t-separation of H , and denoted by H1 = (X; X1;A1); H2 = (X; X2;A2); : : : ;
Ht = (X; Xt;At), if jA \ Xij>2 for any A 2Ai,
Remark. It is allowed to have some empty Ai. Especially it is the case when jXij=1.
It is obvious that if H has a t-separation then H has a (t − 1)-separation, and also
obvious that the following theorem holds.
Lemma 2. Let H = (X;A) be a co-hypergraph. Then (H)>t if and only if H has
a t-separation.
Theorem 3. Let H = (X;A) be a co-hypergraph. Then (H) = t if and only if (1) H
has a t-separation; and (2) for any t-separation; H1=(X; X1;A1); H2=(X; X2;A2); : : : ;
Ht = (X; Xt;At); any i2f1; 2; : : : ; tg; either jXij= 1 or for any nonempty partition of
Xi = Xi1 [ Xi2 (Xi1 \ Xi2 = ;; Xij 6= ; for j= 1; 2); there exists a co-edge A 2Ai with
jA \ Xsj< 2 for s 2 f1; 2; : : : ; i − 1; i + 1; : : : ; tg; and jA \ Xijj= 1 for j = 1; 2.
Proof. ): By Lemma 2, H has a t-separation. Assume, on the contrary, that there
exist one t-separation H1=(X; X1;A1); H2=(X; X2;A2); : : : ; Ht=(X; Xt;At) of H , one
i2f1; 2; : : : ; tg and one non-empty partition of Xi = Xi1 [ Xi2, such that there exists no
co-edge A with jA\Xsj< 2 for s 2 f1; 2; : : : ; i−1; i+1; : : : ; tg, and jA\Xijj=1 for j=1; 2.
Then we can obtain a (t + 1)-separation from the above t-separation by separating Hi
into Hi1 = (X; Xi1;Ai1) and Hi2 = (X; Xi2;Ai2), where Aij = fA 2 Ai: jA \ Xijj>2g
for j = 1; 2: If there is some A 2 Ai such that jA \ Xijj = 1 (j = 1; 2), then we must
have some s 6= i and s 2 f1; 2; : : : ; tg such that jA \ Xsj>2. We can simply put A in
As. By Lemma 2, (H)>t + 1, a contradiction.
(: We have (H)>t by Lemma 2. Assume, by contradiction, that there is a strict
coloring of H with t + 1 colors. Then there is a (t + 1)-separation H1 = (X; X1;A1),
H2=(X; X2;A2), : : : ; Ht+1=(X; Xt+1,At+1) of H . Let X12=X1[X2 andA12=A1[A2.
Then H12 =(X; X12;A12), H3 =(X; X3;A3), : : : ; Ht+1=(X; Xt+1;At+1) is a t-separation
of H . For this t-separation, for i=1 and for this partition Xi=Xi1[Xi2, any co-edge A
with jA\Xsj< 2 for s 2 f3; : : : ; tg has either A\X11>2 or A\X12>2. This contradicts
to the condition of the theorem. Therefore, (H) = t.
Denition 4. LetH=(X;A) be a co-hypergraph. LetH1 = (X; X1;A1), H2 = (X; X2;A2),
: : : ; Ht=(X; Xt;At) be a t-separation of H . For each Hi, we can construct a graph GHi
called the pair graph of Hi, which has the vertex set Xi, and edge (x; y) if and only
if there exists a co-edge A 2Ai such that fx; yg= A \ Xi for x; y 2 Xi.
Theorem 4. Let H =(X;A) be a co-hypergraph. Then (H)= t if and only if (1) H
has a t-separation; and (2) for any t-separation; H1=(X; X1;A1); H2=(X; X2;A2); : : : ;
Ht = (X; Xt;At); their pair graphs GH1 ; GH2 ; : : : ; GHt are all connected.
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Proof. It is not hard to see that two conditions (1) and (2) of this theorem are equiv-
alent to two conditions (1) and (2) of Theorem 3.
Obviously, for any r-uniform co-hypergraph any nonempty (r−1) partition generates
a strict (r−1)-coloring as well as an (r−1)-separation. We have the following corollary.
Corollary 5. Let H = (X;A) be an r-uniform co-hypergraph. Then (H) = r − 1
if and only if for any (r − 1)-separation H1; H2; : : : ; Hr−1; of H generated by any
nonempty partition X =X1 [X2 [    [Xr−1; their pair graphs GH1 ; GH2 ; : : : ; GHr−1 are
all connected.
3. Bounds on the edge number of uniform co-hypergraphs
It is obvious to see that if H=(X;A) is an r-uniform co-hypergraph with (H)=r−1
and jX j = n, then jAj6 ( nr

which is the the maximum number of co-edges that an
r-uniform co-hypergraph can have. In order to get the largest A we simply take all the
subsets of X with size r. It is not quite obvious to nd the maximum jAj for r-uniform
co-hypergraph H = (X;A) with (H) = r − 1 and without monocolored co-edge. Note
that this is equivalent to consider mixed hypergraphs where the edge and the co-edge
families coincide, and the colorability of such mixed hypergraphs are considered in
[4]. It is not easy to estimate the lower bound of the number of co-edges of r-uniform
co-hypergraphs with (H) = r − 1 even for r = 3.
Lemma 6. Let H =(X;A) be a 3-uniform co-hypergraph with (H)= 2 and without
monocolored co-edge. Then jAj6(n3−2n2)=8 for even n; and jAj6(n3−2n2−n+2)=8
for odd n.
Proof. Let X = X1 [ X2 be a strict 2-coloring of H , where jX1j= k and jX2j= n− k.
All the possible non-monocolored co-edges of size three are those having two vertices
in one set and one vertex in the other set, the number of which is

k
2

(n − k) +
n−k
2

k=((2− n)k2 + (n2− 2n)k)=2. This number will reach maximum when k= n=2.
Consider that k should be integer we must have k = n=2 for even n and k = (n+ 1)=2
(or equivalently k = (n− 1)=2) for odd n, the conclusion follows.
Denition 5. Let H = (X;A) be a co-hypergraph and Y be a subset of X . Denote
A(Y ) = fA 2A: Y Ag and dH (Y ) = jA(Y )j.
Theorem 7. Let H = (X;A) be an r-uniform co-hypergraph with (H) = r − 1 and
Y X with jY j= r − 2. Then dH (Y )>n− r + 1.
Proof. For any Y =fx1; x2; : : : ; xr−2gX , let Xi=fxig for i 2 f1; 2; : : : ; r−2g, Xr−1 =
X −Y; Ai= ; for i 2 f1; 2; : : : ; r− 2g and Ar−1 =A. We have an r− 1-separation of
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H : H1 = (X; X1;A1); : : : ; Hr−1 = (X; Xr−1;Ar−1). Let GH1 ; : : : ; GHr−1 be corresponding
pair graphs. By Theorem 4, GHr−1 is connected. Since jXr−1j = n − r + 2, it follows
that GHr−1 must have at least n− r + 1 edges. Therefore, dH (Y )>n− r + 1.
Corollary 8. Let H = (X;A) be a 3-uniform co-hypergraph with (H) = 2. Then
dH (x)>n− 2 for any x 2 X .
Theorem 9. Let H = (X;A) be an r-uniform co-hypergraph with (H) = r− 1. Then
jAj>(n(n− 1) : : : (n− (r − 2) + 1)(n− r + 1)2)=r!.
Proof. Let us count the tuple (Y; A) where Y is a subset of size r − 2; Y A and A
is a co-edge of H . There are two ways to count this tuple. If we count A rst, then
there are jAj co-edges and each co-edge contain

r
r−2

subsets of size r − 2. If we
count Y rst, then there are

n
r−2

Y ’s, and Y should be contained in at least n−r+1
co-edges by Theorem 7. Therefore,
( r
2
 jAj>

n
r−2

(n−r+1). The result follows.
Corollary 10. Let H = (X;A) be a 3-uniform co-hypergraph with (H) = 2. Then
jAj>(n(n− 2))=3.
Theorem 11. Let H =(X;A) be a 3-uniform co-hypergraph with (H)= 2. If H has
least number of co-edges; then jAj6

n−1
2

− (n− 4).
Proof. We only need to prove that there exist a 3-uniform co-hypergraph Hn with
(H)= 2; n vertices and

n−1
2

− (n− 4) co-edges. We shall prove by construction as
follows.
Let H 05 = (X5;A
0
5) where X5 = f1; 2; 3; 4; 5g and A05 = f(1; i; j) j i; j=2; 3; 4; 5; i 6= jg.
Then jA05j= 6 and it is easy to see that (H 05) = 2.
Let A5 =A05−f(1; 2; 4); (1; 3; 5); (1; 4; 5)g+ f(2; 4; 5); (3; 4; 5)g. Then H5 = (X5;A5)
will satisfy jA5j= 5 and it is a routine work to check that 1(H5) = 2.
Let H 06 = (X6;A
0
6) where X6 = X5 [ f6g and A06 =A5 + f(1; 2; 6); (1; 3; 6), (1; 4; 6);
(1; 5; 6)g. Let A6 = A06 − f(1; 2; 5); (1; 2; 6); (1; 3; 6)g + f(2; 3; 6); (2; 5; 6)g. Then
H6 = (X6;A6) will satisfy jA6j= 8 and it is a routine work to check that (H6) = 2.
Let H 07 = (X7;A
0
7) where X7 = X6 [ f7g and A07 =A6 + f(1; 2; 7); (1; 3; 7); (1; 4; 7);
(1; 5; 7); (1; 6; 7)g. Let A7=A07−f(1; 7; 4); (1; 7; 6); (1; 6; 5)g+f(6; 7; 4), (6; 7; 5)g. Then
H7=(X7;A7) will satisfy jA7j=12 and and it can be routinely checked that (H7)=2.
Let H 08 = (X8;A
0
8) where X8 = X7 [ f8g and A08 =A7 + f(1; 2; 8); (1; 3; 8), (1; 4; 8);
(1; 5; 8); (1; 6; 8); (1; 7; 8)g. LetA8=A08−f(1; 8; 3); (1; 8; 7); (1; 7; 5)g+f(7; 8; 3); (7; 8; 5)g.
Then H8=(X8;A8) will satisfy jA8j=17 and it can be routinely checked that (H8)=2.
In general, if Hn−1 is already constructed with jAn−1j =

n−2
2

− (n − 5) and
(Hn−1) = 2, then we can construct Hn as follows. Note that the validity of the proof
of the upper chromatic number to be equal to 2 in the following proof works for n> 6.
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Case 1: n= 2k.
Let H 02k=(X2k ;A
0
2k) where X2k=X2k−1[f2kg and A02k=A2k−1+f(1; 2; 2k); (1; 3; 2k);
: : : ; (1; 2k − 1; 2k)g. Let A2k = A02k − f(1; 2k; 3), (1; 2k; 2k − 1), (1; 2k − 1; 5)g+
f(2k − 1; 2k; 3); (2k − 1; 2k; 5)g. Then H2k = (X2k ;A2k) will satisfy jA2k j=

2k−1
2

−
(2k − 4). In the following we prove that (H2k) = 2.
We shall prove by contradiction. If (H2k)>3, then there exists a strict 3-coloring
X = X1 [ X2 [ X3 such that Xi 6= f2kg for i 2 f1; 2; 3g. Otherwise, let X3 = f2kg. The
vertices 1; 2; 4; 5; : : : ; 2k − 2 must belong to the same set Xi, say X1, since the co-edges
(1; 2; 2k); (1; 4; 2k); (1; 5; 2k); : : : ; (1; 2k − 2; 2k) are all in A2k . Furthermore, we have
2k − 1; 3 2 X1. Otherwise, either the three vertices of the co-edge (2k − 1; 2k; 5) will
have three dierent colors, or the three vertices of the co-edge (2k−1; 2k; 3) will have
three dierent colors. Therefore, X2 = ;, a contradiction. Hence, each of the three sets
X1 − f2kg, X2 − f2kg and X3 − f2kg is not empty. The three vertices 1; 2k − 1 and
5 must belong to three dierent sets Xi for i 2 f1; 2; 3g. For, otherwise, X1 − f2kg,
X2 −f2kg and X3 −f2kg is a strict 3-coloring for Hn−1, a contradiction. Without loss
of generality, let 1 2 X1, 5 2 X2, and 2k − 1 2 X3.
If 2k 2 X1, then the three vertices of the co-edge (2k − 1; 2k; 5) have three dierent
colors. If 2k 2 X3, then the three vertices of the co-edge (1; 5; 2k) have three dier-
ent colors. If 2k 2 X2, then we shall discuss according to the dierent situations of
the vertex 3. If 3 2 X1, then the three vertices of the co-edge (2k− 1; 2k; 3) have three
dierent colors. If 3 2 X2, then the three vertices of the co-edge (1; 2k−1; 3) have three
dierent colors. If 3 2 X3, then we shall discuss according to the dierent situations of
the vertex 4. If 4 2 X1 then the three vertices of the co-edge (3; 4; 5) have three dierent
colors. If 4 2 X2 then the three vertices of the co-edge (1; 3; 4) have three dif-
ferent colors. If 4 2 X3 then the three vertices of the co-edge (1; 2k; 4) have three
dierent colors. All the cases above lead to contradiction. Therefore, the strict 3-coloring
for H2k does not exist. This proves that (H2k) = 2.
Case 2. n= 2k + 1.
Let H 02k+1 = (X2k+1;A
0
2k+1) where X2k+1 = X2k [ f2k + 1g and A02k+1 = A2k +
f(1; 2; 2k + 1); (1; 3; 2k + 1); : : : ; (1; 2k; 2k + 1)g. Let 4); (1; 2k + 1; 2k); (1; 2k; 5)g +
f(2k; 2k + 1; 4); (2k; 2k + 1; 5)g. Then it is easy to see that H2k+1 = (X2k+1;A2k+1)
will satisfy jA2k+1j=

2k
2

− (2k−3). By a similar argument that we have for Case 1
we can prove that (H2k+1) = 2.
References
[1] C. Berge, Graphs and Hypergraphs, North-Holland, Amsterdam, 1973.
[2] E. Bulgaru, V.I. Voloshin, Mixed interval hypergraphs, Discrete Appl. Math. 77 (1997) 29{41.
[3] L. Milazzo, Zs. Tuza, Upper chromatic number of Steiner triple and quadruple systems, Discrete Math.
174 (1{3) (1997) 247{260.
[4] Zs. Tuza, V.I. Voloshin, Uncolorable mixed hypergraphs, Discrete Appl. Math., to appear.
[5] Zs. Tuza, V.I. Voloshin, H. Zhou, Uniquely colorable mixed hypergraphs, Discrete Math., submitted.
[6] V.I. Voloshin, The mixed hypergraphs, Comput. Sci. J. Moldova 1 (1993) 45{52.
[7] V.I. Voloshin, On the upper chromatic number of a hypergraph, Austr. J. Combin. 11 (1995) 25{45.
[8] V.I. Voloshin, H. Zhou, Pseudo-chordal mixed hypergraphs, Discrete Math. 202 (1999) 239{248.
